The similarity solution for the steady two-dimensional flow of an incompressible viscous and electrically conducting fluid over a non-linearly semi-infinite stretching sheet in the presence of a chemical reaction and under the influence of a magnetic field gives a system of non-linear ordinary differential equations. These non-linear differential equations are analytically solved by applying a newly developed method, namely the Homotopy Analysis Method (HAM). The analytic solutions of the system of non-linear differential equations are constructed in the series form. The convergence of the obtained series solutions is carefully analyzed. Graphical results are presented to investigate the influence of the Schmidt number, magnetic parameter and chemical reaction parameter on the velocity and concentration fields. It is noted that the behavior of the HAM solution for concentration profiles is in good agreement with the numerical solution given in reference [A. Raptis, C. Perdikis, Int.
Introduction
Most scientific problems and phenomena are modeled by non-linear ordinary or partial differential equations. As an example, boundary layer flows may be modeled in this way. Therefore, the study on the various methods used for solving the non-linear differential equations is a very important topic for the analysis of practical engineering problems. There are a number of approaches for solving non-linear equations, which range from the completely analytical to the completely numerical. Besides the advantages of using numerical methods, closed form solutions appear more appealing because they reveal physical insights through the physics of the problem. Also, parametric studies become more convenient when applying analytical methods. Moreover, analytical solutions are generally required for the validation of numerical methods and computer softwares.
Investigations of boundary layer flow of viscous fluids over a stretching sheet are important in many manufacturing processes such as polymer extrusion, drawing of copper wires, continuous stretching of plastic films and artificial fibers, glass-fiber, metal extrusion, and metal spinning. Sakiadis [1] first investigated the boundary layer flow over a stretched surface moving with a constant velocity. Tsou et al. [2] considered the effect of heat transfer on a continuous moving surface with a constant velocity and experimentally confirmed the numerical results of Sakiadis.
Erickson et al. [3] extended the work of Sakiadis to include blowing or suction at the stretched sheet surface on a continuous moving surface with a constant speed and investigated its effects on the heat and mass transfer in the boundary layer. Chen and Strobel [4] considered the effect of a buoyancy-induced pressure gradient in a laminar boundary layer of a stretched sheet with constant velocity and temperature. Chakrabarti and Gupta [5] studied the magnetohydrodynamic (MHD) flow of Newtonian fluids initially at rest, over a stretching sheet at a different uniform temperature. Vajravelu and Hadjinicolaou [6] conducted an analysis of the flows and heat transfer characteristics in an electrically conducting fluid near an isothermal sheet.
However, there are fluids which react chemically with additional components present in them. Anjalidevi and Kandasamy [7] studied the effect of a chemical reaction on the flow along a semi-infinite horizontal plate in the presence of heat transfer. Anderson et al. [8] investigated the diffusion of a chemically reactive species from a linearly stretching sheet. Muthucumaraswamy and Ganesan [9] studied the effect of a chemical reaction on the unsteady flow past an impulsively started semi-infinite vertical plate which is subjected to uniform heat flux. Das et al. [10] examined the effect of a chemical reaction on the flow past an impulsively started infinite vertical plate with uniform heat flux. Muthucumaraswamy and Ganesan [11] analyzed the effect of a chemical reaction on the unsteady flow past an impulsively started vertical plate which is subjected to uniform mass flux and in the presence of heat transfer. Muthucumaraswamy [12] studied the effects of suction on heat and mass transfer along a moving vertical surface in the presence of a chemical reaction, and Anjalidevi and Kandasamy [13] analyzed the effect of a chemical reaction on the flow in the presence of heat transfer and a magnetic field.
All the aforementioned investigations consider flows over a linear stretching sheet, and very little attention has been given to the flows over a non-linear stretching sheet. The main goal of the present study is to find the totally analytic solution for the steady two-dimensional flow of an incompressible viscous and electrically conducting fluid over a non-linearly semi-infinite stretching sheet in the presence of a chemical reaction and under the influence of a magnetic field (it should be noted that Raptis and Perdikis [14] have carried out numerical investigation on this problem using the shooting method). Therefore, this paper has been organized as follows. In Section 2, the flow analysis and mathematical formulation are presented. In Section 3, we extend the application of the HAM to construct the approximate solutions for the governing equations. The convergence of obtained series solutions is carefully analyzed in Section 4. Section 5 contains the results and discussion. The conclusions are summarized in Section 6.
Problem statement and mathematical formulation
We consider the steady two-dimensional flow of an incompressible viscous and electrically conducting fluid past a non-linearly semi-infinite stretching sheet. We also consider the presence of a first-order chemical reaction and the influence of a constant magnetic field which is applied normal to the sheet. It is further assumed that the magnetic Reynolds number is small so that the induced magnetic field is negligible in comparison to the applied magnetic field. Under the above assumptions, the boundary layer equations governing the flow and concentration field are given by [14] 
In the above equations, and are the distances along and perpendicular to the sheet respectively, and are the respective components of the velocity in the and directions, 1 is the chemical reaction parameter, D is the mass diffusion coefficient, C is the species concentration in the fluid, B 0 is the strength of the magnetic field, σ is the electrical conductivity, ν is the kinematic viscosity and ρ is the fluid density. The corresponding boundary conditions are
where and are constants and the subscript denotes the condition at the wall. The introduction of the similarity transformations [14] 
reduces eqs. (1)- (4) to a system of dimensionless nonlinear ordinary differential equations [14] 
subject to boundary conditions
where the primes denote differentiation with respect to η, and are functions related to the velocity field, C 0 and C 1 are species concentrations in the fluid, M is magnetic parameter, K is chemical reaction parameter and Sc is Schmidt number.
Analytical approximations by means of HAM
In 1992, Liao [15] employed the basic ideas of homotopy in topology to propose a general analytic method for non-linear problems, namely the Homotopy Analysis Method (HAM), [16] [17] [18] [19] [20] [21] . Based on the homotopy of topology, the validity of HAM is independent of whether or not small parameters are present in the considered equation. Therefore, the HAM can overcome the restrictions and limitations of perturbation methods [22] . The HAM always provides us with a family of solution expressions in the auxiliary parameter and the convergence region and rate of each solution might be determined conveniently by the auxiliary parameter . Furthermore, the HAM is rather general and contains the Homotopy Perturbation Method (HPM) [21] , the Adomian Decomposition Method (ADM) [23] and the δ−expansion method. In recent years the HAM has been successfully employed to solve many types of non-linear problems such as the non-linear equations arising in heat transfer [24] , the non-linear model of diffusion and reaction in porous catalysts [25] , the chaotic dynamical systems [26] , the nonhomogeneous Blasius problem [27] , the generalized threedimensional MHD flow over a porous stretching sheet [28] , the wire coating analysis using MHD Oldroyd 8-constant fluid [29] , the axisymmetric flow and heat transfer of a second grade fluid past a stretching sheet [30] , the MHD flow of a second grade fluid in a porous channel [31] , the generalized Couette flow [32] , the Glauert-jet problem [33] , the Burger and regularized long wave equations [34] , the laminar viscous flow in a semi-porous channel in the presence of a uniform magnetic field [35] , the nano boundary layer flows [36] , the two-dimensional steady slip flow in microchannels [37] , the steady three-dimensional problem of condensation film on an inclined rotating disk [38] , the generalized Benjamin-Bona-Mahony equation [39] , the fifth-order Korteweg-de Vries equation [40] , the boundary layer equations of power-law fluids of second grade [41] and many other problems. All of these successful applications verified the validity, effectiveness and flexibility of the HAM.
The first step in the HAM is to find a set of base functions to express the desired solution to the problem under investigation. As pointed out by Liao [19] , a solution may be expressed by several differing base functions, some of which converge to the exact solution of the problem faster than others. Here, due to many boundary-layer flows decaying exponentially at infinity, we assume that (η) (η) C 0 (η) and C 1 (η) can be expressed by a set of functions
in the form
where , , and are coefficients. Thus, all approximations of (η) (η) C 0 (η) and C 1 (η) must obey the above expression: this point is so important in the HAM that it is regarded as a rule, called the rule of solution expression for (η) (η) C 0 (η) and C 1 (η). According to the boundary conditions (10)- (13) and the rule of solution expression defined by (15)- (18), we choose
as the initial approximations of (η) (η) C 0 (η) and C 1 (η). In addition, we select the auxiliary linear operators
satisfying the following properties
, where 1 ≤ ≤ 10, are constants. To demonstrate how the auxiliary linear operator L is chosen we consider the choice of the auxiliary linear operator L 1 as an example. Due to Eq. (6), and for the sake of simplicity, we choose a third-order linear operator, i.e.
where 1 (η) 2 (η) and 3 (η) are functions to be determined. Let are constants independent upon η. To obey the solution expression (15) and to satisfy the boundary conditions (10), we choose the elementary solutions
we have
Therefore, we have the auxiliary linear operator
In general, the linear operators can be chosen on the basis of two rules. Firstly, they must satisfy the solution expressions denoted by (15)- (18). The basic solutions of these linear operators should only contain (at most) the four terms η exp(η) exp(−η) or constant. Secondly, to decide the basic solutions of these linear operators, all of boundary conditions in (10)-(13) must be used to determine integral constants. Note that we also have the freedom to choose the linear operators as long as they satisfy the aforementioned rules. For further details, the readers are referred to [19] . Based on eqs. (6)-(9), we are led to define the following non-linear operators N 1 , N 2 , N 3 and N 4 as (40) where ∈ [0 1] is an embedding parameter and (η; ) ˆ (η; ) Ĉ 0 (η; ) andĈ 1 (η; ) are a kind of mapping function for (η; ) (η; ) C 0 (η; ) and C 1 (η; ), respectively. Using these operators, we can construct the zeroth-order deformation equations as
where is an auxiliary non-zero parameter. The boundary conditions for eqs. (η) (52)
where
As pointed out by Liao [19] , the convergence of the series (51)-(54) strongly depends upon the auxiliary parameter . Assuming that is selected such that the series (51)-(54) are convergent at = 1 then eqs. (49) and (50) give
For the mth-order deformation equations, we differentiate eqs. (41)- (44) times with respect to , divide by ! and then set = 0. The resulting deformation equations at the th-order are
subject to the following boundary conditions
and 
In this way, it is simple to solve the linear equations (60)- (63), one after the other in the order = 1 2 3 · · · , particularly when using symbolic computation software such as Mathematica, Maple and so on.
Convergence of the HAM solution
From the Homotopy Analysis Method, as long as the series solution is convergent it should converge to one of the solutions of the original equation. The analytic series solutions of the functions (η) (η) C 0 (η) and C 1 (η) are given in equations (56)-(59). The convergence of these series and the rate of the approximation for the HAM strongly depend upon the value of the auxiliary parameter as pointed out by Liao [19] . In general, by means of the so-called −curve, it is straightforward to choose a proper value of to control the convergence of the approximation series. In order to find the range of admissible values of , −curves of (0) (0) C 0 (0) and C 1 (0) obtained by the 16th-order approximation of the HAM are plotted in Fig. 1. Furthermore, Fig. 2 shows −curves of C 1 (0) obtained by the 16th-order approximation of the HAM for the different values of the Schmidt number. From these figures, the valid regions of correspond to the line segments nearly parallel to the horizontal axis. Fig. 2 , demonstrates that the size of the valid region strongly depends on the Schmidt number. In fact, the interval for the admissible values of shrinks towards zero as the Schmidt number increases. The strong influence of the Schmidt number on the size of the valid region is not surprising considering that it appears in the non-linear terms in the governing equation, Eq. (9). When = −1, the series solution obtained by the HAM is the same as the series solution obtained by the Homotopy Perturbation Method (HPM) [21] , proposed in 1998 by Dr. He [42, 43] . Therefore, the results of the HPM can be obtained as a special case of the HAM when = −1 However, Fig. 2 demonstrates that the HPM does not produce convergent results for large values of the Schmidt number. 
Results and discussion
In order to assess the reliability and accuracy of the Homotopy Analysis Method, here we note that the similarity equation (6) subject to boundary conditions (10) has an exact solution [44] as
while in the absence of the magnetic field where M = 0, the exact solution first obtained by Crane [45] is Fig. 3 illustrates the influence of the magnetic parameter on the velocity profile (η). From Fig. 3 , we can see a very good agreement between the analytic results of the HAM and the exact solutions derived from (78) and (79). Furthermore, Fig. 3 shows that the increment in the magnetic Figs. 8 and 9 , as the magnetic field increases the species concentrations C 0 (η) and C 1 (η) increase. The application of a transverse magnetic field results in a drag-like force known as the Lorentz force. As the magnetic parameter increases, the force which opposes the flow also increases and thus leads to enhanced deceleration of the flow velocity, thinning of the boundary layers and thicker concentration profiles.
Conclusions
In this paper, the Homotopy Analysis Method is employed to study the steady two-dimensional flow of an incompressible viscous and electrically conducting fluid over a non-linearly semi-infinite stretching sheet in the presence of a chemical reaction and under the influence of a magnetic field. In this method, a deformation equation defines a continuous variation from an initial approximation to the exact solution through an embedding parameter. A Taylor series expansion of the exact solution about the embedding parameter provides a series solution in recursive form with the initial approximation as the zeroth-order term. We analyzed the convergence of the obtained series solutions. The convergence analysis demonstrates that the Homotopy Perturbation Method (HPM) does not give accurate results for large values of the Schmidt number. The excellent agreement of the HAM solutions with the exact solutions shows the reliability and efficiency of the method. The analytical results depicted by the graphs are consistent with the graphs produced by the shooting method of Raptis and Perdikis [14] , and therefore further establish the reliability and effectiveness of the HAM solution. Unlike perturbation methods, the HAM does not depend on any small physical parameters. Thus, it is valid for both weakly and strongly non-linear problems. In addition, in contrast to other analytic methods, the HAM provides us a simple way to adjust and control the convergence region of the series solution by means of the auxiliary parameter .Thus the auxiliary parameter plays an important role within the frame of the HAM which can be determined by the so-called −curves. Consequently, the present success of the Homotopy Analysis Method for the highly non-linear problem verifies that the method is a 
